Abstract. Let x and y be two (not necessarily distinct) points on a closed Riemannian manifold M n . According to a celebrated theorem by J.P. Serre there exist infinitely many geodesics between x and y. The length of the shortest of these geodesics is obviously less than the diameter of the manifold. But what can be said about the lengths of the other geodesics? We conjecture that for every k there are k distinct geodesics of length
1. Introduction A classical theorem of J.P. Serre ([S] ) established the existence of infinitely many geodesics between any two points on a closed Riemannian manifold. Yet almost nothing is known about lengths of these geodesics. Of course, it is almost a tautology that the length of the shortest of these geodesics does not exceed the diameter of the manifold. But what can be said about the lengths of the second shortest geodesic, the third shortest geodesic, etc. ? We think that the following conjecture could be true: Conjecture 1. Let x and y be two points in a closed Riemannian manifold M n . Then for any k = 1, 2, 3, . . . there exist k distinct geodesics starting at x and ending at y of length not exceeding k diam(M n ).
Note that this conjecture is obvious for the round spheres. On the other hand it is not difficult to prove that: Proposition 2. Assume that the fundamental group of M n is non-trivial and torsion-free. Then Conjecture 1 is true for M n .
Proof. Consider a non-contractible loop γ based at x of length ≤ 2diam(M n ), realizing a non-trivial element of π 1 (M n ) of infinite order. (According to [Gr] there exists a basis for π 1 (M n ) made of loops of length ≤ 2diam(M n ) based at x.) Let p denote the midpoint of γ. Let τ denote a shortest geodesic that goes from x to y and σ denote a shortest geodesic that goes from y to p. Finally, let γ 1 and γ 2 denote two distinct geodesics that go from x to p along γ. Without any loss of generality we can assume that the loop γ 1 * σ −1 * τ −1 is not contractible. (Here and below for every path ρ ρ −1 denotes ρ traversed in the opposite direction.) Now τ ,
. . are pairwise non-path homotopic paths connecting x and y. The lengths of the first k of them do not k diam(M n ). We obtain the desired geodesics minimizing the length in the corresponding path homotopy classses. QED.
The main purpose of this paper is to announce the following two results:
Theorem 3. Let M be a closed Riemannian manifold diffeomorphic to S 2 . Let x and y be two (not necessarily distinct) points of M . Then for every k = 1, 2, . . . there exist k geodesics starting at x and ending at y of length not exceeding (
Theorem 4. Let M n be a closed Riemannian manifold of dimension n. Let q be the minimal i such that π i (M n ) = 0. Let x, y be any two points of M n . Then the length of the second shortest closed geodesic between x and y does not exceed 2q
Remarks.
1. Theorem 4 is true in a somewhat more general setting (with virtually the same proof): Theorem 5. Let X be a compact connected metric space such that for some q π q (X) = 0. Assume that X is a geodesic space, i.e. the space where the shortest distance between every two points is realized by a geodesic between these points. Then for every two points x 1 , x 2 ∈ X there exist two distinct geodesics between x 1 and x 2 of length ≤ 2q diam(X).
2.
Assume that x = y in Theorem 4. Then the shortest closed geodesic between x and y is trivial. Therefore the assertion of Theorem 4 becomes that for every x ∈ M n there exists a non-trivial geodesic loop in M n based at x of length
. This assertion had been proven by one of the authors in [R] .
A complete proof of Theorem 3 will appear in [NR1] , and a complete proof of Theorem 4 will appear in [NR2] .
Some ideas of the proof of Theorem 3.
Let us start from the following definition:
Definition 6. Let M n be a Riemannian manifold diffeomorphic to S n , and L be a positive number. Let f : S n −→ M n be a map of degree one such that the length of the image of every meridian of S n does not exceed L. Then we call f a L-controlled vertical sweep-out of M n .
The following proposition easily follows from a well-known geometric description of generators of homology groups of the loop space of S n :
Proposition 7. Assume that M n is diffeomorphic to S n and admits an L-controlled vertical sweep-out for some L. Then for every x, y ∈ M n and every positive integer k there exist k distinct geodesics between x and y of length
The proposition implies that if M n is diffeomorphic to S n than the length of the kth geodesic between x and y asymptotically grows as a linear function of k. (We beleive that the proof of the existence of an infinite set of geodesics between x and y in [S] implies that the last assertion is true for all Riemannian manifolds, although we did not check the details.) Therefore, if we were able to derive an upper bound for L in an optimal vertical sweep-out in terms of diam(M n ) (and possibly n) we would get an upper bound for the length of the kth geodesic between x and y of the form c(n)k diam(M n ). However, such an upper bound for L cannot be, in general, true even if n = 2 and M n is diffeomorphic to S 2 . (One can construct a family of counterexamples using the example of M. Katz and S. Frankel [KF] of a family of metric 2-discs with diameter D and the length of the boundary l such that in order to contract the boundary one must first increase its length to C(l + D), where C can be an arbitrary large constant.)
Denote the diameter of M 2 by d. Our idea of the proof of Theorem 3 is to attempt to try to construct a 3d-controlled vertical sweep-out so that its existence can be prevented only by a second geodesic between x and y of length ≤ 2d. Then we will attempt to construct a 5d-controlled vertical sweep-out so that our attempt can be thwarted only by a third "short" geodesic, and so on. The worst for us situation appears when the controlled sweep-out appears after approximately k/2 attempts. Then L is proprtional to kd, leading to a quadratic in k bound for the kth geodesic.
Indeed, assume for simplicity that x = y. (In order to pass to the general case one needs a trick explained in the next section.) According to an old observation of M. Berger one can connect x and the most distant point z from x by minimizing geodesics so that all angles of geodesic digons formed by any two neighboring geodesics γ i and γ i+1 do not exceed π. If there are no geodesic loops of length ≤ 2d then one can contract all such digons as loops based at x to x. Then one can use these homotopies to construct path homotopies between γ i and γ i+1 passing via curves between x and z of length ≤ 3d. (See [R] for details.) These path homotopies together provide a 3d-controlled vertical sweep-out of our 2-sphere.
If there is no such a sweep-out then a geodesic loop γ based at x of length ≤ 2d must exist. Denote the midpoint of γ by m. If two segments of γ between x and m can be connected by a path homotopy without increase of length then γ does not present an obstruction to the attempted construction of the controlled vertical sweep-out of the sphere. Moreover, if there is such a path homotopy where lengths of paths are bounded by 3d, then there exists a 5d-controlled vertical sweep-out. Then we prove that if there is no such path homotopy with length of paths bounded by 3d, then there exists a path homotopy of γ to a geodesic digon xux inside the domain bounded by γ such that: (1) This homotopy passes via curves of length ≤ 2d; (2) There exist at least three minimizing geodesics between x and u; (3) Angles of digons formed by neighboring pairs of these geodesicsγ i andγ i+1 do not exceed π; (4) At least one of these digons cannot be contracted to a point by a path homotopy that is non-length increasing, and therefore a new geodesic loop γ 2 based at x must exist. Now we apply the above argument to γ 2 instead of γ, and so on.
A brief sketch of the proof of Theorem 4.
If x = y, then the shortest geodesic between x and y is the trivial geodesic, and the theorem asserts that the length of the second shortest geodesic loop based at an arbitrary point x of M n does not exceed 2qd ≤ 2nd. This result had been recently proven by one of the authors in [R] . The proof in the general case, when x = y generalizes the proof in the case, when x = y.
The proof in [R] was based on the following construction. Assume that there are no geodesic loops of length ≤ L based at x, and therefore the space Ω x L of all loops of length ≤ L based at x is contractible. This assumption can be used in order to perform the following inductive construction: Let z be any point of M n , and C z i denotes the space of all i-tuples of paths between x and z of length ≤ L 2(i−1) for some i = 2, . . .. Then, using an induction with respect to i one can construct a continuous map from C z i into the space of continuous maps from the i-dimensional disc D i into M n . Each (i + 1)-tuple of paths between x and z becomes a collection of meridians of the image of ∂D i . So, the i-disc fills the i-tuple of paths. This construction has a number of good properties. In particular, consider D i as regular i-dimensional simplices. Then, if one applies this construction to a subset that is made of some (i − 1) paths among i paths forming an i-tuple, then the resulting singular (i − 1)-simplex will be a face of the singular i-simplex corresponding to the i-tuple. This construction can be generalized in order to fill not only i-tuples of paths between x and z but 1-dimensional complexes with vertices x, z 1 , . . . , z i pairwise connected by paths so that the length of all paths between z i and z j are very small. (In other words one is allowed to "split" z into i very close points connected by very short paths.)
Now the upper bound 2qd for the length of the shortest geodesic loop based at x can be proven by contradiction. Assume that there are no such loops, so that the construction outlined above can be applied. Take a non-contractible map of a q-sphere into M n . Extend it to a map of a (q + 1)-disc thereby obtaining a contradiction as follows: Triangulate D q+1 as a cone over a very fine triangulation of S q . Map the center of D q+1 into x, and all new 1-simplices into minimizing geodesics that start at x. Now extend the constructed map of the 1-skeleton of every (q + 1)-simplex σ of the triangulation of D q+1 to a map of σ by applying the construction above.
It turns out that in order to generalize this proof to the situation when x = y one need only to change the base of the inductive construction of maps of C z i into M ap(D i , M n ), namely the construction of the map of C z 2 into M ap(D 2 , M n ). In [R] this filling of digons was based on the following easy lemma: Let γ 1 , γ 2 be two paths between x and z of length ≤ l. Assume that there are no non-trivial geodesic loops beased at x of length ≤ 2l. Then there exists a path homotopy between γ 1 and γ 2 that passes through paths between x and z of length ≤ 3l.
We replace this lemma by the following lemma: Lemma 8. Let l be a positive number, x, y, z be points in a Riemannian manifold M n , and γ 1 , γ 2 be two paths of length ≤ l between x and z in M n . Assume that there exists exactly one geodesic of length ≤ 2l between x and y. Then γ 1 and γ 2 can be connected by a path homotopy that passes only through paths between x and z of lenght ≤ 3l.
It turns out that the rest of the proof in [R] can be straightforwardly generalized for the case, when x = 0.
